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^ ■ Abstract 

In i/us paper, we give some results on the number of meromorphic 
mappings of C m into CP™ under a condition on the inverse images 
of hyperplanes in CP n . At the same time, we give an answer for an 
open question posed by H. Fujimoto in 1998. 

> 

00 * 

m ' 1 Introduction 

m 
in . 

In 1926, R. Nevanlinna showed that for two nonconstant meromorphic func- 
tions / and g on the complex plane C, if they have the same inverse images 
for five distinct values, then f = g, and that g is a special type of a linear 
fractional tranformation of / if they have the same inverse images, counted 
with multiplicities, for four distinct values. 

In 1975, H. Fujimoto [2] generalized Nevanlinna's result to the case of 
meromorphic mappings of C m into CP n . This problem continued to be stud- 
ied by L. Smiley [9], S.Ji [5] and others. 

Let / be a meromorphic mapping of C m into CP n and if be a hyperplane 
in CP n such that imf H. Denote by f (/,#) the map of C m into No such 
that V(f t H)(a) (a G C m ) is the intersection multiplicity of the image of / and 
H at f(a). Let k be a positive interger or +oo. We set 
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y k) = J if V (f,H)( a ) > k > 

(f,H) [V(f,H)( a ) if V (f,H)( a ) < k - 

Let / be a linearly nondegenerate meromorphic mapping of C m into CP n 
and {HjYj=\ be g hyperplanes in general position with 

(a) dim |z : v^J H ^(z) > and v^J H ^(z) > j < m — 2 for all 1 < i < 
j < q- 

For each positive integer p, denote by Fk({Hj}^ =1 , f,p ) the set of all 
linearly nondegenerate meromorphic mappings g of C m into CP n such that: 

(b) rnin{vf gHj) ,p} = min{vf fH . y p] , 

(c) g = fon{j {z:vH Hj) (z)>0}. 

j'=i 

In [5], S.Ji showed the following 

Theorem J. ([5]) // q = 3n + 1 and /c = +oo, then for three map- 
Pings /i,/ 2 ,/ 3 e F fc ({fZj-}? =1 ,/,l), the mapping j x x / 2 x f 3 : C m — »• 
CP n x CP™ x CP" is algebraically degenerate, namely, {(fi(z), f2(z), h{z)), 
z G C m } is contained in a proper algebraic subset of CP" x CP n x CP n . 

In 1929, H. Cartan declared that there are at most two meromorphic 
functions on C which have the same inverse images (ignoring multiplicities) 
for four distinct values. However in 1988, N. Steinmetz ([10]) gave examples 
which showed that H. Cartan's declaration is false. On the other hand, in 
1998, Fujimoto ([4]) showed that H. Cartan's declaration is true if we as- 
sume that meromorphic functions on C share four distinct values counted 
with multiplicities truncated by 2. He gave the following theorem 

Theorem F. ([4]) If q = 3n+l and k = +oo then F k ({Hj} q j=1 , /, 2) con- 
tains at most two mappings. 

He also proposed an open problem asking if the number q = 3n + 1 in 
Theorem F can be replaced by a smaller one. Inspired by this question, in 
this paper we will generalize the above results to the case where the number 
q = 3n+l is in fact replaced by a smaller one. We also obtain an improvement 
concerning truncating multiplicities. 

Denote by * the Segre embedding of CP n x CP n into CP" 2+2n which is 
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defined by sending the ordered pair ((wq, ...,w n ), (vq, ...,v n )) to (...,WiVj, ...) 
(in lexicographic order). 

Let h : C m — >■ CP™ x CP™ be a meromorphic mapping. Let (ho : ... : 
h n 2 +2n) be a representation of \& o /i . We say that /i is linearly degenerate 
(with the algebraic structure in CP™ x CP™ given by the Segre embedding) 
if ho, h n 2 +2n are linearly dependent over C . 

Our main results are stated as follows: 

Theorem 1. There are at most two distinct mappings in F k ({Hj} q - =1 , f,pj 
in each of the following cases: 

i) 1 < n < 3, q — 3n + l,p — 2 and 23n < k < +oo 

ii) 4 < n < 6,q = 3n,p = 2 and < k < +oo 
hi) n > 7, 5 = 3n — 1, p — 1 and ^^1^" < k < +oo . 

Theorem 2. Assume that q = 5( " 2 +1 - > , (65n + 171)n < k < +oo ? w/iere 

[x] := max{d G N : d < x} for a positive constant x. Then one of following 
assertions holds : 

i) #F k ({Hjy j=1 ,f,l) <2. 

ii) For any f u f 2 e F k ({Hj} q j=1 , f, l) , iae mapping f\ x / 2 : C m — »■ 
CP™ x CP™ linearly degenerate ( with the algebraic structure in CP™ x CP™ 
given by the Segre embedding) . 

We finally remark that we obtained similar uniqueness theorems with 
moving targets in [11], but only with a bigger number of targets and with 
much bigger truncations. 

Acknowledgements: The second author would like to thank Professor Do 
Due Thai for valuable discussions, the Universite de Bretagne Occidentale 
for its hospitality and support, and the PICS-CNRS ForMathVietnam for its 
support. 

2 Preliminaries 

We set := (\zA 2 + ■■■+ \z m \ 2 f/ 2 for z = (z u . . . , z m ) G C™, B(r) := {z : 

|H|<r}, S(r) := {z : \\z\\ = r}, d c := ^-(B - d), v:= (dd c \\z\\ 2 ) m ^ 
and a := d c log \\z\\ 2 A (dd c log ||^|| 2 ) m_1 - 
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Let F be a nonzero holomorphic function on C m . For an m-tuple a : = 
ai,..., a m ) of nonnegative integers, set |a| := «! + ••• + a m and D a F : = 

. We define the map Vp : C m — > Nq by Vp(z) :— max : 



dzX 1 . . . fts 

D a F(z) = for all a with |a| < p}. Let fc be a positive integer or +oo. 
Define the map v k J of C m into N by 

]vp(z) if uf(^) < 

Let </? be a nonzero meromorphic function on C m . We define the map v^ 1 as 
follows: For each z G C m , choose nonzero holomorphic functions F and G on 
a neighbourhood U of z such that y? = ^ on U and dzm(F" 1 (0) fl G _1 (0)) < 

m — 2. Then put i$(z) := Set 

^\ - {z:vi\z)0}. 



Define 



N k \r,v,):= J p^dt, (Kr<+oo) 



where 



n k \t) := J 



v^v for m > 2 



4' ns(t) 



and 



>(t) for m=l. 

\z\<t 

Set N(r,v v ) := N +oc \r,v v ). For Z a positive integer or +oo, set 

N*\r, Vip ):= j ^dt, (Kr<+oo) 
i 

where ^(^) : = / min[v k \ l}v for m > 2 and raf^(i) := 
E|2|<i mm {"?W''} f° r m — 1. Set N{r,v^) := N^°°\r,V(p) and 
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N (r, v v ) := N 1 '(r, v v ). For a closed subset A of a purely (m— 1) -dimensional 
analytic subset of C m , we define 

N(r,A):= j 0_dt, (1< r < +00) 
1 

where 

{J f for m > 2 

Ans(t) 
# (A n P(t)) for m = 1. 

Let / : C m — > CP™ be a meromorphic mapping. For arbitrarily fixed 
homogeneous coordinates (wo : • • • : w n ) on CP™, we take a reduced rep- 
resentation / = (/o : • • • : / n ) which means that each /j is a holomorphic 
function on C m and f(z) = (fo(z) : • • • : f n (z)) outside the analytic set 
{/o — • • • — fn — 0} of codimension > 2. 

Set 11/11 := (l/ol 2 + ••• + |/n| 2 ) 1/2 - The characteristic function of / is 
defined by 

T f (r) := J log H/Ua- | log ||/||(7, r>l. 

S(r) 5(1) 

For a nonzero meromorphic function tp on C m , the characteristic function 
T v (r) of ip is defined by considering as a meromorphic mapping of C m into 
CP 1 . 

Let H = {a w + • • • + a n w n = 0} be a hyperplane in CP™ such that 
im/ £ P. Set (/, P) := a / H h a n / n . We define 

N*\r,H):=N k \r,v {f ,H)) and 7V*>(r, P) := JV*>(r, v {m ). 

Sometimes we write N k /(r,H) for N^ f (r,H), N u (r,H) for N+ f °°\r,H) and 



JV)(r,lf) for N£>j(r,H). 

|2 

_ (/,#) 



Set ipf(H) := ll/lill °^ — — ! - — . We define the proximity func- 



tion by 

m/(r, P) := ^ log | ip f {H) \ a — J log | ip f (H) 



S(r) 5(1) 
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For a nonzero meromorphic function <p, the proximity function is defined by 

m(r, p) := J log + | <p \ a. 

S(r) 

We note that m(r, ip) = m ¥ ,(r, +00) + 0(1)) ([4], p. 135). 

We state the First and the Second Main Theorem of Value Distribution 
Theory. 

First Main Theorem. Let f : C m — > CP n be a meromorphic mapping and 
H a hyperplane in CP n such that imf<^H. Then : 

N f (r,H)+m f ( r ,H)=T f (r). 
For a nonzero meromorphic function <p we have : 

N(r, vi) + m(r, ip) = T v (r) + 0(1). 



Second Main Theorem. Let f : C m — > CP n be a linearly nondegenerate 
meromorphic mapping and Hi,...,H q be hyperplanes in general position in 
CP". Then: 

(q-n- l)7)(r) < ^ N nJ (r, H 5 ) + o(T f (r)) 
j'=i 

except for a set E C (1, +00) of finite Lebesgue measure. 

The following so-called logarithmic derivative lemma plays an essential 
role in Nevanlinna theory. 

Theorem 2.1. ([5], Lemma 3.1) Let p be a non-constant meromorphic 
function on C m . Then for any i, 1 < i < m, we have 

m(r, ^-^j = o(T v (r)) as r -> 00, r £ P, 
where E C (1, +00) of finite Lebesgue measure. 
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Let F, G and H be nonzero meromorphic functions on C m . For each /, 
1 < / < m, we define the Cartan auxiliary function by 



<f> l (F,G,H) :=F-G-H ■ 



1 

F 



1 
1_ 

G 



1 
1_ 

H 

a ( i 



dzi \FJ dzi \GJ dzi \HJ 



By [4] (Proposition 3.4) we have the following 

Theorem 2.2. Let F,G,H be nonzero meromorphic functions on C m . As- 
sume that&(F,G,H) = and&(^,^, = for all I, l<l<m. Then 

V F G H / 
one of the following assertions holds 

i) F = G or G = H or H = F. 
... F G H 

n) — , — , — are all constant. 
G H F 



Proof of the Theorems 



First of all, we need the following lemmas: 

Lemma 1. Let fi,...,fd be linearly nondegenerate meromorphic mappings 
of C m into CP n and {Hj} q j =1 be hyperplanes in CP n . Then there exists 
a dense subset C C C n+1 \{0} such that for any c = (c , ...,c n ) G C, the 
hyperplane H c defined by cqujq + ... + c n uj n = satisfies 

dim{fi\Hj) n f t rl {H c )) ^ m - 2 for all % e {!,..., 4 and j G {1, ...,q}. 



Proof. We refer to [5], Lemma 5.1. □ 

Let A, f 2 , h eF k ({Hj} q j=1 , f, 1) , for q > n + 1. Set 
T(r) :=T fl (r)+T f2 (r)+T h (r) . 
( f H ) 

For each c G C, set F/ c := ) J *' /( for i G {1,2,3} and j G {1, . . . , g}. 

Lemma 2. Assume that there exist j G {1, ...,?}, c G C, I G {l,...,m} and 
a closed subset A of a purely (m — 1) -dimensional analytic subset of C m 
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satisfying 

1) & c :=&(FtFtF£)^0 , and 

2) min{v^ fi Hjo) ,p} = min{v'l ) hjHjo) , P } = min{v^ H . Q) ,p} on C m \ A, 
where p is a positive integer. Then 

2 J2 ^(r,H 3 ) + N*l lJt (r,H 30 ) < N(r, «,,) + (p - l)N(r, A) 

3=1, 3 ¥=30 

^ l^T(r) + (p + 2)N(r,A) + o(T(r)) 

for all i G {1,2,3} . 

Proof. Without loss of generality, we may assume that 1 = 1. For an arbi- 
trary point a G C m \ A satisfying vfy H . Ja) > 0, we have v k X H . J a) > 

3 

for all % G {1,2,3}. We choose a such that a \J f^ l (Hc). We distinguish 
between two cases, leading to equations (1) and (2). 

Case 1. If V(f u H jo ){a) > P, then f(/ l ,H J0 )(a) > p, i G {1,2,3}. This means 
that a is a zero point of F-° with multiplicity > p for % G {1, 2, 3}. We have 



$ ' " Fl ° Fi ° ik (^) " ^ (^) 

i I? JO Z? JO ^ ( \ \ _ T?30 T?30 ^ ( 1 \ 
I Z? jo T?30 ^ ( 1 \ J?30Tpjo_®_( ' 

+ FA ^\Ff) ~ ' c lc ^AFf c 



Q / \ F^° - F^° 

On the other hand Fi°Fi°— — ( — - ) = < --^ 1 — -, so a is a zero point of 

lc 3c dz 1 V Fi° ) FH 

^Ic^icQ — (^jo) mm tiplicity > p— 1. By applying the same argument 
also to all other combinations of indices, we see that 

a is a zero point of $J with multiplicity > p — 1 . (1) 



Case 2. If v Ul>H . o) (a) < p, thenp := v^ 1>Hjo) (a) = v {h , Hjo) (a) = v {f3>Hjo) (a)< 
p. There exists a neighborhood U of a such that f(/i,Hj ) < p on [/. In- 
deed, otherwise there exist a sequence {a s }^ =1 C C m , lim a s = a and 



+00 



v (fi, H i )( a s) > P + 1 for all s. By the definition, we have D^(fi, Hj )(a s ) = 
for all \p\ < p + 1. So DP(f u H j0 )(a) = lim D /3 (f 1 , H jo )(a s ) = for all 

\(3\ < p + 1. Thus V(f u H jo ){a) > P + 1- This is a contradiction. Hence 

We can choose [/ such that C/ Pi A — , v^ uHjo ) < p on [/ and ( fj, i7 c ) has 
no zero point on U for alH G {1, 2, 3}. Then v p j = v p j = v p j < p on U. 

So U n {Ff c ° = 0} = [/ n {F 2 J ° = 0} = C/ n {F|° = 0}. Choose a such that a 
is regular point of U H {^1° = 0}. By shrinking [/ we may assume that there 
exists a holomorphic function h on U such that d/i has no zero point and 
F-° = h Po Ui on U, where Ui(i = 1,2,3) are nowhere vanishing holomorphic 
functions on U (note that v F j (a) = v F j (a) = v F j (a) = p ). We have 

lc 2c 3c 

Sf c — U\ h U 2 

U 2 U 3 

+ «3 1 1 • 

UiU 2 

So, we have 

a is a zero point of <&J with mulitplicity > po (2) 

By (1), (2) and our choice of a, there exists an analytic set M C C m with 
codimension > 2 such that v$i > mm{v(f 1; H jo ) , P — 1} on 

{z:«;» ffjo) (z)>0}\(Mu4 (3) 

For each j e {1, . . . , g} \ {jo}? let a (depending on j) be an arbitrary point 
in C m such that v^J iH ^(a) > (if there exist any). Then v k ^ H ^(a) > 
for all % E {1,2,3}, since f\,f 2 ,fz e Fk({Hj} q j=1 , f,l) . We can choose a ^ 
fr 1 ^) U f^\H jo ) , i = 1,2,3. Then there exists a neighborhood U of a 
such that V(f u H ) < k on U and (fi,Hj ), (fi,H c ) ( 2 = 1,2,3 ) have no zero 
point on 17. We have 5 := /f^ifj) n U = fc\Hj) n £/ = /g -1 ^) H C/ and 

— r- = — r- = — r- on B. Choose a such that a is a regular point of B. By 

r lc r 2c r 3c 

shrinking U, we may assume that there exists a holomorphic function h on U 
such that dh has no zero point and U f]{h — 0} — B. Then — = ft,</? 2 

^2c ^Yc 

and — ^ ^ = hip 3 on [/ where (fi 2 ,(fs are holomorphic functions on U. 

^3c Flc 
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Hence, we get 



r lc 

_d_ 

dz 





hip 2 





h(p 3 



F^F^h 2 



V?2 V?3 



Hence, a is a zero point of with multiplicity > 2. Thus, for each j e 
{1, . . . , g} \ {jo}; there exists an analytic set TV C C m with codimension > 2 
such that f $1 > 2 on 



{z:v*l Hj) (z)>0}\N. 



(4) 



By (3) and (4), we have 



Similarly, we have 



2 £ A/" k f.(r, Hjj+N^j^r, Hj ) < N(r,v$i)+(p—l)N(r,A), i = 1,2,3. 

3 =1,3 ¥=30 

(5) 

Let a be an arbitrary zero point of some F/ c ° , a ^ f { 1 (H C ), say « = 1. We 
have 



So we have 



(6) 



f i (a) < 1 + max{f i (a),i = 2, 3} < 1 + v i (a) + i> i (a) . 



5JO 



^2c 
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Furthermore, if < v F j (a) < k (and, hence, H , ^(a) > 0) and a ^ A, 
then by (3) we may assume that v 1 (a) = (outside an analytic set of 

codimension > 2 ). (7) 
Let a be an arbitrary pole of all Ff° , % — 1, 2, 3. By (6) we have 



i (a) < max{f i (a),i = 1, 2, 3} + 1 < } v i (a) 



F J0 



(8) 



It follows from (6) that a pole of $J is a zero or a pole of some F/ c °. Thus, 
by (6), (7) and (8), we have 



AM r, v 



d 6 

.) < ^iv(r,^)+^(iV(r,^)-¥ fe) (r,^))+3iV(r,A) 



i=l »c i=l 

1 = 1 *c j = l 

3 



< V N(r, v+_) + -r^—T{r) + 3iV(r, A) + 0(1). 

2=1 * c 



(9) 



We have 



+ m 



F j °—(— 

> 5 ( 1 



^lc 



3c 

( 1 



d Zl \F£J lc d Zl \Fl° c 



so m(r,$i) < E4,0+2Em(r,^y) +0(1). By Theorem 

i=l i=l v v^ lc / / 

2.1, we have 



Thus, we get 
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m(r,$l) < J2 m ( r i F ic) + °( T ( r ))i ( 10 ) 
i=i 

(note that 7>(r) < 7).(r) +0(1)). 

ic 

By (9) , (10) and by the First Main Theorem, we have 
N(r,v*i) < T$i(r) + 0(1) = N(r,v i ) + m(r, +0(1) 

3 , 

< £ (iV(r, v_i_) + m(r, F*>)) + ^ T ( r ) + ™(r, A) + o(T(r)) 

3 



< ^T^(r) + -^T(r) + 3N(r,A) + o(T(r)) 
i=i 

3 1 

< ^T fi (r) + —T(r) + 3N{r,A) + o(T(r)) 



■- + 

= ^nO + 3iV>,A) + o(T(r)). (11) 
By (5) and (11) we get Lemma 2. □ 

The following lemma is a variant of the Second Main Theorem without 
taking account of multiplicities of order > k in the counting functions. 

Lemma 3. Let f be a linearly nondegenerate meromorphic mapping of C m 
into CP n and {Hj} 9 =1 (q > n+2) be hyperplanes in CP n in general position. 
Take a positive integer k with q ^_ x < k < +oo . Then 

k 9 

r ' w £ (t -„- 1)(t+1 )- gB E^.w^w) 

^ (t _„_ 1) f t + 1 )- gB E^V,g i ) + .(r / ( r )) 

/or all r > 1 except a set E of finite Lebesgue measure. 
Proof. By the First and the Second Main Theorems, we have 
(q-n- l)7)(r) < £ iV nJ (r, tf,) + o(T f (r)) 

12 



< 



i=i j'=i 



^ ^lE</^^) + ^Y T /( r ) + o(T/(r)), r i E, 
which impies that 

(« - - - 1 - fcfi) w ^ ^tt E ^) + °( T / (0) 



* 9 



Thus, we have 



») 



7 9 

< 7 St x YNf(r,H.) + o(TJr)) □ 

- (g-n-l)(Jfe + l)-gn^ /V jJ K f K " 



Proof of Theorem 1. Assume that there exist three distinct mappings 
/i> f2, fz £ Fk{{H j} q j =1 , f,p)- Denote by Q the set which contains all indices 
j G {l,...,q} satisfying &(F( C , F^, F^ ^ for some c G C and some 

1 G {1, ...,m}. We now prove that 

#({l,..,g}\Q)>3n-l. (12) 
For the proof of (12) we distinguish three cases: 

Case 1. 1 < n < 3,q = 3n + l,p = 2, k > 23n . 

Suppose that (12) does not hold, then j^Q > 3. For each j G Q, by Lemma 

2 (with A = 0, p = 2) we have 

2 £ ^(r,^)+iV^r,^J<|±|T(r)+o(T(r))^ = 1,2, 3. (13) 
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By (13) and Lemma 3 we have 



3=1 

Thus, we obtain 
which implies 

[2(g - n - l)(Jfe + l) 2 - 2qn(k + 1) - 3nA;(A; + 2)]T(r) 

3 

< n/c(/c + 1) N% H jo ) + o(T(r)) = 3nA;(A; + l)JV$(r, H jo ) + o(T(r)) . 
i=i 

Hence, we have 

liminf ^( r '^o) > 2(g - n - l)(fc + l) 2 - 2qn{k + 1) - 3nfc(A; + 2) 
r^oo T(r) - 3nk(k + 1) 

A; 2 - 6nk - 6n + 2 
" 3fc(fc + 1) 

Set 



,ie {1,2,3}. (14) 



A := {r > 1 : T /t (r) = mm^W.T^rl.T^r)}}, i G {1,2,3}. 

Then Ai U A 2 U A 3 = (1, +oo). Without loss of generality, we may assume 
that the Lebesgue measure of A\ is infinite. By (14) we have 

r . , N k l(r,H 30 ) fc 2 -6nA:-6n + 2 

hmmf — — , . — > — r , 7o G C/. 

r-oor6Ai\£! 7), (r) ~ fc(Jfe + 1) ' ^ ^ 

Take three distinct indices j\,j2,h e Q (note that #Q > 3). Then we 
have 

lim . nf N^H^ + N^H.A+N^H^) > 3(A; 2 - 6nA; - 6n + 2) 

rwocrGAxVE Tft (r) ~ k(k + 1) 
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which implies that 

liminf h h lL ^g^-an+j) 

Since /i ^ / 2 there exists c E C such that jf~jf\ ^ (/2'fO • Indeed, 
otherwise by Lemma 1 we have that = ^(jfu) f° r a ^ hyperplanes 

in CP n . In particular = ggij for all j = 2, ...,n + 1. We choose 

homogeneous coordinates (uoq : ■ ■ ■ : oo n ) on CP n with i/j = {ujj = 0} 
(1 < j < n + 1) and take reduced representations: f\ = (f^ : • • • : /i„ +1 ), 
/2 = (/21 : ••• : /2„ +1 )- Then 

/1 / 2 

(j = 2,...,n + l) /21 /2 ™ +1 

This is a contradiction. 

Since dim (/^(ifi) fl /~ 1 (if c )) < m - 2 we have 

JW*i)(r) = / logdC/i.iroi' + K/i,^)! 2 )^ +0(1) 

(/i,»c) S(r) 

< / log WMa + 0(1) = T u {r) + 0(1) , i = 1, 2, 3. 

S(r) 

Since /1 = / 2 on [j [z : v^ i Hj) (z) > 0} and 

dimf^z : ^(2) > and > o| < m — 2 for all i ^ j,? ?we have 

■go (fevgi) ) < ^ Wgi) </2.gi) ( r ) +0(1) 

^— ' (/l,H c ) (/2,«c) (h,H c ) (f 2 ,H c ) 

< T (/l , gl) (r) + T (/2 , gl) (r) + 0(1) < T /x (r) + T /2 (r) + 0(1), 

(fl.Hc) (f 2 ,Hc) 



which implies 



J'=l 
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On the other hand, by Lemma 3, we have 

qn \ nk 



nk —k) 



1 J2 N fl(r,H 3 ) + o(T fi (r)) , 

which implies 



k+- , 



T f \r) nk 

hmsup — ^ < — r , i = 1,2,3 . 

™^p^ rff j (g-n-l)(fc + l)-gn 

Hence, we obtain 

hmsup - ™ = hmsup (ZaM±Z^ _ ) 

j=i j=i j=i 

„ TfAr)+TfJr) , T f2 (r) n£ 
> liminf ; lV ; /aV ; - limsup ^ > 1 



v&a^e Y^N k \r,H-) r ^°° reAl \ E N h \r,H) " (q ~ n - l)(k + 1) - qn 



Consequently, we get 



£iV^(r, if,-) 

liminf kjt. < h-»-D(* + D-»" 



r^oo reAi\E (r) (g — n — 1) (A; + 1) — — n/c 

2/c + l-3n 

(16) 



fc + 1 - 3n 



By (15) and (16) we have 



3(k 2 -6nk-6n + 2) < 2k + 1 - 3n 
+ 1) _ fc + 1 - 3n ' 

This contradicts k > 23n. Thus, we get (12) in this case. 
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Case 2. 4 < n < 6, q = 3n, p = 2, k > . 

Suppose that (12) does not hold, then there exists j G Q. By Lemma 2 (with 
A = 0, p = 2) we have 

2 ^(r.^+^^j^rW + oW, < = 1,2,3. 



On the other hand, by Lemma 3 we have 



KV.itf + oW.M) > (2»-2)(> ;+ J)-(3»- 1 )n rf[(r)|and 

3 =1,3 ¥=30 

ekv.^+^m) > (2 "- i)( t: i) - 3 " 2 T / , w , 



which implies that 

2 £ y>, g ,) + l¥*>(r, Wr /<( ,-)) > < 4 " - 3)ik + J> - (e " - 1)n r,( r ) 

3 =1,3 ¥=30 

Hence, we have 

(An - 3)(fc + 1) - (6w - l)w fc + 2 . 
7>.(r) < 77^7 T ( r ) + o(T(r)) , 7 = 1, 2, 3. 

Consequently, we get 

(4»-8)(t + l)- (gB -l)» < 3^+2) 

which implies that 

((4n - 3)(Jfe + 1) - (6n - l)n) T(r) < 3 ^( fe + 2 ) T(r) + G ( T ( r )) 

fe + 1 



< 3n(fc + l)T(r) + o(r(r). 



Hence, we obtain jfe + 1 < ^|^. This is a contradiction. Thus, we get (12) 
in this case. 
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Case 3. n > 7, q = 3n - I, p = 1, k > . 

Suppose that (12) does not hold, then there exists j G Q. By Lemma 2 (with 
A = 0, p = 1) we have 

3n- l , r, 

2 £ iV^ ) (r,i7 J )<^ I T(r)+o(T(r))^ = 1,2, 3 

3 = 1,3 ¥=30 

(note that N^.(r, H jo ) = 0). On the other hand, by Lemma 3, we have 

3 =1,3 ¥=30 

Hence, we get 

2[(2n-3)(Jfe + 1) - (3n-2)n)l , x fc + 2_ . 

J — T /< W ^ ITi T W + °^ r » ' 

which implies 

((4ra - 6)(fc + 1) - (6n - 4)ra)7>.(r) < nk ^ k + 2>> T(r) + o(T(r)), i = 1, 2, 3. 
Hence, we have 

({An - 6)(k + 1) - (6ra - 4)n)T(r) < 3 ^( fc + 2 ) T(r) + o(T(r)) 

/c H - 1 

< 3n(jb + l)T(r) + o(T(r)). 

Thus, we obtain 

(4n - 6)(Jfe + 1) - (6n - 4)n < 3n(A; + 1) 

implying 

(6n — 4)n 

fc + 1 < 

n — o 

which is a contradiction. Thus, we get (12) in this case. 

So, for any case we have #({1, • • • , q} \ Q) > 3n — 1. Without loss of 
generality, we may assume that l,...,3n — I ^ Q. We have 

¥(F( C , Fl, Ft) = for all c e C, I G {1, m}, j G {1, . . . , 3n - 1}. 
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On the other hand, C is dense in C" +1 . Hence, (F( c , F^, F 3c j = for all 
c G C ri+1 \{0}, / G {l,...,m},j G {1, . . . ,3n-l}. In particular (for if c = 
we have 



■d I (fu H j) (h,Hj) (f 3 ,H jt 



for all 1 < j < 3n- 1, ie{l,...,m}. (17) 

In the following we distinguish between the cases n — 1 and n > 2. 

Case 1. If n = 1, then a, := Hj(j = 1,2,3,4) are distinct points in CP 1 . 
We have that 

(A,Qi) . = (A.Qi) . _ (A,Qi) 
1- (A, 02)' 2 ' (A, 02)' 3 ' (/s, 02) 

are distinct nonconstant meromorphic functions. By (17) and by Theorem 
2.2, there exist constants a, (3 such that 

92 = agi , #3 = Pgi , (a,fi i {l,oo,0}, a ^ 0) (18) 

We have f(/ 1)a3 ) > &+1 011 {-2 : (A> a 3)(- 2 ) = 0} : Indeed, otherwise there exists 
z such that < f(/ 1 ,a 3 )(-2o) < Then i> as \( z o) > 0, for all % G {1,2,3}. 
We have (fi,a 3 )(z ) = (f 2 ,a 3 )(z ) = /i(z ) = A(*o) = aj, where 
we denote a* := (a^ : — a_j ) for every point a, = (a J0 : OjJ G CP 1 . So 

#i(z ) = 02(20) = / r \ 7^ 0, 00 (note that a 3 7^ ai, a 3 7^ a 2 ). So, by 
(a 3 , a 2 ) 

(18) we have a — 1. This is a contradiction. Thus f(/ 1)0 3) > fc + 1 on 
{2 : (A, 03) (2) = 0}. Similarly, U(/ i)0j -) > /c + 1 on {z : (J^c^X*) = 0} for 
i G {1,2,3}, j G {3,4}. 

O.r («3 ? a l) r « (03,Ol) (03,^1) „, , 

Set hi = a— -, b 2 = -— r, 63 = Ti V- Then we have 

(a* 3 ,a 2 ) (03,02) (03,02) 

W92-&3 = V (.f2,* 3 )(°>2) >k + l on {z : (g 2 - b 3 )(z) = 0}, 

(/2. a 2)( a 3. a 2) 

v 92-b 1 = v gi _± bl = v <.fi,°3)(°l'*2) >k + l on {z : (g 2 - b^z) = 0}, and 

(/l> a 2)( a 3> a 2) 

^2-fe = V g 3 -^b 2 = ^ (/3.°3)(°?.°2) > fc + 1 011 : (#2 ~ ^X*) = 0}. 
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Since the points &i,& 2 ,&3 are distinct, by the First and the Second Main 
Theorem, we have 



T g2 {r) <J2N(r,v 92 - bj ) +o{T g2 (r)) 
3=1 

1 3 



3=1 

< ^ T 'Ar) + o{T 92 (r)) . 
This contradicts k > 23. 

Case 2. If n > 2 , for each 1 < i 7^ j < 3n - 1, by (17) and Theorem 2.2., 
there exists a constant such that 

(A, a%] (A, ff<) (/ 3 , (A, (A, (/ 2 , if,) 

(19) 

We now prove that = 1 for all 1 < 2 7^ j < 3n — 1. Indeed, if there 



( f H 

exists a io j 7^ 1, without loss of generality, we may assume that ' J0 

{j2,H io ) 

aioj, / 1 ' On the other hand A = / 2 on Q := (J {2 : > 0}. 

Hence, (A, ifj ) = (/ 2 , H jo ) = on \ f^(H io ). So we have 

E ^!(^) < + {N(r,v ifl , H J -N k) (r,v {fl , Hio) )). 

Thus, by the First and the Second Main Theorem, we have 

(q - n - 2)T fl (r) < fl N nJl (r, H 5 ) + o(T fl (r)) 

3=1,3^0 

< n Y, N^H^ + oiT^r)) 

3=^,3^0 
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< 



f ^Trr T/ ' ( '' )+o(r, ' (r)) 



m , , . nk nk (q — l)n qn _ . 

Thus, we get (, - „ - 2) < — + + iL_i_ < „ + <L. Th 1S 

contradicts any of the following cases: 

i) 2 < n < 3, g = 3n + 1 and k > 23n, 

ii) 4 < n < 6, q = 3n and > ^ 6 ^~^" , 

iii) n > 7, o = 3n — 1 and k > ( 6n ~^) n . 
Thus ctjj = 1 for all 1 < i ^ j < 3n — 1 . 

By (19), for % — Sn — 1, j £ {1, . . . , 3n — 2}, without loss of generality, we 
may asssume that 

(A, if,-) _ (/ 2 ,^) t { //; (2Q) 



(/l,#3n-l) (/2,#3n-l) 

For 1 < s < f < 3, denote by L s „ the set of all j G {1, 3n — 2} such that 

(B& = (B& ■ ^ ( 19 ) we have L ^ U L 23 U L 13 = {1, 3n - 2}. So 
by Dirichlet we have that one of the three sets contains at least n different 
indices, which are, without loss of generality, j = 1, ...,n, which proves (20). 

We choose homogeneous coordinates (c^o : • • • : u n ) on CP n with Hj = 
{ujj — 0} (1 < j < n), i?3„_i = {ouo = 0} and take reduced representations: 
fi = (fi ■■■■■■■ /ij, f2 = (f 2o / 2 J- Then by (20) we have 

_ /lo f In r r 

J 2q J In 
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This is a contradiction. Thus, for any case we have that /i, f'2, fs can not be 
distinct. Hence, the Proof of Theorem 1 is complete. □ 

Proof of Theorem 2. Assume that #F k ({Hj} q j=1 , /, 1) > 3. Take arbitrar- 
ily three distinct mappings /i,/2,/3 E F fc ({ifj}^ =1 , /, 1). We have to prove 
that f s xf v :C m — ► CP n x CP 11 is linearly degenerate for all 1 < s < v < 3. 

Denote by Q the set which contains all indices j E {l,...,q} satisfing 
$'(Ff c , i 7 ^, F| c ) ^ for some c EC. We distinguish between the two cases n 
odd and n even: 

Case 1. If n is odd, then g = 

We now pove that: Q = . (21) 
Indeed, otherwise there exist j E Q . Then by Lemma 2 (with A = 
0,p = 1) we have 

2 £ A^(r,tf,)< |±|r(r)+ (T(r)), < = 1,2,3. 

3 =1,3 ¥=30 

(note that N^j.(r, H jo ) = 0). On the other hand, by Lemma 3 we have 

2 ± 7ff (r, g , )+0 (I),(r)) > 2[fe - " - 2 "*^ a - fa - l) % ,(r) , « = 1, 

3=1,3 ¥"30 

Hence, we have 



((2g - 2n - 4)(fc + 1) - 2(g - l)n) T /( (r) < (fc ffl (r)+o(T(r)) , i = 1, 2, 3 
which implies 

((2g - 2n - 4)(fc + 1) - 2(g - l)n)r(r) < ^t^T(r) + o(T(r)) 

< 3n(fc + l)T(r) + o(T(r)). 

Hence, we obtain 

(2q - 2n - 4)(Jfe + 1) - 2(g - l)n < 3n(A; + 1) 

implying 

fc + 1 < (5n + 3)n. 
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This is a contradiction. Thus, we get (21). 
Case 2. If n is even, then q = . 

We now prove that #Q < 1. (22) 
Indeed, suppose that this assertion does not hold, then there exist two dis- 
tinct indices jo,ji G Q . By Lemma 2 (with A = 0,p = 1) we have 

2 £ AT^(r,^)<|±|T(r) + o(T(r)) ,. = 1,2,3, 

3 =1,3 ¥=30 

which implies that, for i=l,2,3 

2 £ (]v£(r,^)- ^(r,^-)) < ^nO + o(T(r)) 

9 



E </^M = 1.2,3. 

J =1 ,3 ¥=io 



Hence, we get 

<? 3 



2 E E(KV,^)- jJV£,,(r.ff,)) < ^±^r(r) +0 (T(r)) 

3=1,3 ¥=30 i=l 



2 ' 



E E</,^^),(23) 

" 3=l,j¥jo i=l 

By Lemma 3 (with g = ^y^), we have 

2 E + o(T„(r)) > 3 " ( * + 1) : (5 " + 2) " r J , (r) , i = 1, 2, 3. 



k 

3=1,3 ¥30 

Hence, we have 

q 3 
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E E *i) + -KTW) > Mk + 1) ;, (5 " + 2) " r(r) (24) 



n ^ ^ n ' hK J/ v v " ~ nk 
3=iJ¥jo 1=1 

By (23) and (24) we have 

q 3 



2 e e tok.H,) - i<^)) < (5 " + Sf; 1 ; ) ' 3 " ^) + o(r (r) ) 

.i=i,i¥.io i=i V ' 7 



< ^T(r) + (T(r)). 
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On the other hand, we obtain 

N^Hj) - -N^Hj) > for all i G {1,2,3}, j G 
Hence, we get 

^fa^HA- ^(r.fl,-)) < 5 -^T(r)+o(T(r)) , j e {l,...,q}\{j }. 

i=l ^ ' 

In particular, we get 

E ( H h ) - i<^(r, IT,,)) < ^T(r) + o(T(r)) (25) 

Set Ai := {z G C m : ^^(z) = 1} for % = 1,2,3 . For each i G 
{1,2,3}, we have \ C sing/~ 1 (ifj 1 ). Indeed, otherwise there existed 
a G (A\A) n Tegf~ 1 (H jl ) . Then p := V(f ijHjl )(a) > 2. Since a is a 
regular point of f~ 1 {Hj l ) we can choose nonzero holomorphic functions ft, 
and w on a neighborhood U of a such that d/i and w have no zeroes and 
(/j, ifjj = /i Po w on [/. Since a £ Ai there exists 6 G A n C/ . Then, we get 
1 = v (fi,H n )(b) = VhPouip) = Po > 2. This is a contradiction. Thus, we get 
that Ai \ Ai C singfr^HjA. 

3 

Set B := A l UA 2 U A 3 . Then B \ B C [J sing/" 1 ^). This means that 
_ i=i 

B\B is included in an analytic set of codimension > 2. So we have 

(n - l)Jv(r,S) < E (« ^(^%) - • 
i=i 

By (25) we have 

iV(r,S)<^±^T(r) + (T(r)), 

where we note that n > 2 , since n is even. It is clear that 

min HlH h y 2} = m^^^^} = mzn{^ 3 ^ i) ,2}onC-\5(C C m \5). 
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By Lemma 2 (with A = B , p = 2) we have 

k + r , 
k+1 



2 £ ^(r,^-) + ^S(r,%) < ^T(r)+47V(r, J B) + (T(r)) 



fk + 2 4(5n + 2)n \ 
(note that j 1 & Q ). By Lemma 3 we have 

Consequently, we obtain 

2 £ S*; ( r, *,) + N%(r, H h ) + o(T /iW ) > ( W» - 3)(* + 1) - (2, - 1)^ 

(27) 

By (26) and (27) we have 

,2, - 2n - S)<* + 1) -J^h Th(r) < (|±| + <M) r(r)+0(T(r))j 



which implies 



f3nk(k + 2) 12(5n + 2) 



((3n + l)(fc + 1) - (5n + 3)n) T(r) < ^ fc v + j y + _ ' J T(r) + o(T(r)) 

< (Mk + 1) + 12( f n+ 1 2 , )n V (r) + o(T(r)), 

[n - 1) 

and, hence, 

, , . o , 12(5n + 2)n 2 

k + 1 < (5n + 3)n + . 

(n - 1) 

This contradicts k > (65n + 171)n , n > 2. Hence, we have j^Q < 1. So we 
get (22). 
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By (21) and (22) we have \Q) > q-l . Without loss of 

generality we may assume that 1, q — 1 ^ Q . For any j G {1, . . . , q — 1} 
we have 

<£> l (Fl c ,Fi c ,Fi c ) = for all c G C, Z G {l,..,m}. 
On the other hand, C is dense in C n+1 . Hence, we get that <f> l (F( c , F| c , F| c ) = 
for all c G C™ +1 \ {0}, I G {1, m}, j G {1, . . . , g - 1} . In particular (for 
H c = Hi), we get 



(faHi)' (faHi)' (h,H t ) 

for all 1 < % ^ j < q - 1, I G {1, . . . , m} . 

For each 1 < i ^ j < q — 1, by Theorem 2.2, there exists a constant aijj 
such that 



(/ 2 , ^) ay (/i, if,) or (/ 3 , ^) (A, iro or (/ 3 , ^) ay (/ 2 , ^) • 

We now prove that 

oiij = 1 for all 1 < i ^ j < g - 1. (28) 
Indeed, if there exists aj j 7^ 1, without loss of generality, we may assume 

that ^J°\ = a i joTr~7rr- O n the other hand, we have f\ = f 2 on 

{j2,H io ) {jl, H io) 

D := \J { z VtfuHj) > °}- Hence ' we § et UuH jo ) = (f 2 ,H jo ) = on 
D\f^(H io ). So we have 

Thus, by the First and the Second Main Theorem, we have 

(q-n-2)T fl (r) < fl N nJl (r, H,) + o(T fl (r)) 

j=l,j¥=io 

1 
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< 



+ 

(g — l)n 



^^j^T^r) + o(T fl (r)) 



(q- l)n r 



- U+i 



(g - l)n 



Thus, we have (g — n — 2) < 



f)T fl (r) + o(T fl (r)) 
(g — l)n 



k + 1 (k + iy 



nq 

+ —. r— < n + 

fc+ 1 



This contradicts q 
for all 1 < i 7^ j < q — 1. 



5(n+l) 



, A; > (65n + 171)n. Thus, we get that a 



For 1 < s < v < 3, denote by L sv the set of all j G {1, q — 2} such that 
{J ^ L ~ \ f v v ^ x) . By (28) , we have that L 12 U L 23 U L 13 = {1, g - 2}. 

, without loss of generality, we may assume 

we have that 



If there exists some L 



that Li 3 = 0. Then L i2 UL 2 3 = {1, g — 2}. Since q 

#Li2 > n or #-f/23 > n. We may assume that #L 12 > n , and furthermore 



5(n+l) 
2 



for all j G {1, ...,n}, so /i = / 2 (as 



l,...,nGL 12 . Then^^-^-^ 
in the proof of Theorem 1). This is a contradiction. 

Thus, we have L sv ^ for all 1 < s < v < 3. Then for any 1 < s < v < 3, 

( f H ■) ( f H ■) 

there exists j G {1, q — 2} such that J ^ ^ = jjjj^)- Hence, we finally 
get that f s x /„ : C m — > CP n x CP n is linearly degenerate. We thus have 
completed the proof of Theorem 2. □ 
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